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Abstract

A common technique for locating leaks in buried water distribution pipes is the use of the cross-
correlation on two measured acoustic signals, on either side of a leak. This technique can be problematic for
locating leaks in plastic pipes as the acoustic signals in these pipes are generally narrow-band and low
frequency. The effectiveness of the cross-correlation technique for detecting leaks in plastic pipes has been
investigated experimentally in an earlier study. This paper develops an analytical model to predict the cross-
correlation function of leak signals in plastic pipes. The model is based on a theoretical formulation of wave
propagation in a fluid-filled pipe in vacuo and the assumption that the leak sound, at source, has a flat
spectrum over the bandwidth of interest. The analytical model is used to explain some of the features of
correlation measurements made in actual water pipes. Leak noise signals are generally passed through a
band-pass filter before calculating the cross-correlation function. The model is used to demonstrate the
importance of the cut-off frequency of the high-pass filter and the insensitivity of the correlation to the
cut-off frequency of the low-pass filter.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Water leakage from buried pipes is a subject of increasing concern because of decreasing water
supplies due to changing rainfall patterns, deterioration or damage to the distribution system, and
ever increasing water demand. A leak from a water supply pipe generates noise, which can be used
for leak detection and location. Acoustic leak detection techniques have been shown to be
effective [1–3] and are in common use in the water industry. Other methods of leak detection
which have been used with varying degrees of success, are tracer gas, thermography [4], flow and
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pressure modelling [5], and ground penetrating radar (GPR) [6]. The potential of several non-
acoustic technologies has been evaluated by Hunaidi et al. [7,8]. Although they show some
promise, these non-acoustic techniques are more complex and time-consuming, and may fail to
detect leaks in practical situations.
In leak detection surveys using acoustic signals, the most widely used technique for locating

leaks is the correlation technique. Recent work on typical PVC water distribution pipes has
focused on the dominant low frequency signals [8,9], since the acoustic signals in plastic pipes are
heavily attenuated and generally narrow-band and of low frequency. The effectiveness of the
correlation technique was found to be affected by several factors, including the selection of
vibration sensors and cut-off frequencies of high and low-pass digital filters used to remove noise
in the frequency range in which the signal is weak. Although it has been shown that leaks in plastic
pipes can be located using the correlation technique, the effect of the filter cut-off frequencies has
only been studied empirically.
This paper develops an analytical model of the cross-correlation function, which is then used to

investigate the effect of band-pass filtering on leak detection in buried plastic water pipes. Since
the effectiveness of the correlation technique is largely influenced by background noise, the effect
of the background noise on the model is also discussed. The model is also used to explain the
features of some experimental data, and to demonstrate the importance of the cut-off frequency of
the high-pass filter.

2. Leak detection using correlation

The cross-correlation technique is straightforward. Vibration or acoustic signals are measured
using either accelerometers or hydrophones at two access points, on either side of the location of a
suspected leak. The signals from the sensors are transmitted to the leak noise correlator, which
computes the cross-correlation function of the two signals and presents the results to an operator.
Fig. 1 depicts a typical measurement arrangement for a water leak in a buried water pipe, and
access points (normally a fire hydrant) where a sensor can be attached is located on each side of
the leak at distances d1 and d2. In the analysis presented in this paper the pipe is assumed to be of
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Fig. 1. Schematic of a pipe with a leak bracketed by two sensors.
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infinite length, without reflecting discontinuities for the predominantly fluid-borne wave, at all
frequencies of interest.
Consider the situation where the data measured are two continuous random signals x1ðtÞ and

x2ðtÞ; which are assumed to be stationary (ergodic). Setting the mean value of each signal to zero,
the cross-correlation function is defined by [10]

Rx1x2ðtÞ ¼ E½x1ðtÞx2ðt þ tÞ�; ð1Þ

where t is the lag of time; E[ ] is the expectation operator. The argument t that maximizes Eq. (1)
provides an estimate of the time delay tpeak: In practice, however, Rx1x2ðtÞ can only be estimated as
signals are always measured during a finite time interval. For example, if the two signals x1ðtÞ and
x2ðtÞ are measured in a common time interval 0ptpT ; the biased correlation estimator, #Rx1x2ðtÞ;
is given by [10]

#Rx1x2ðtÞ ¼
1

T

Z T�t

0

x1ðtÞx2ðt þ tÞ dt; t > 0;

#Rx1x2ðtÞ ¼
1

T

Z T

�t
x1ðtÞx2ðt þ tÞ dt; to0: ð2Þ

A procedure for the implementation of the cross-correlation function using sampled data is
illustrated in Fig. 2, where � denotes conjugation. The required correlation estimator can be
derived from the inverse Fourier transform of X�

1 ðf ÞX2ðf Þ and scaled appropriately for
normalization, where X1ðf Þ and X2ðf Þ are the Fourier transforms of x1ðtÞ and x2ðtÞ; respectively.
It is useful to express the cross-correlation function in a normalized form, which has a scale of

–1 to +1, namely the correlation coefficient rx1x2
ðtÞ defined as

rx1x2
ðtÞ ¼

Rx1x2ðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rx1x1ð0ÞRx2x2ð0Þ

p ; ð3Þ

where Rx1x1ð0Þ and Rx2x2ð0Þ are the values of auto-correlation functions Rx1x1ðtÞ and Rx2x2ðtÞ at
t ¼ 0:
If a leak exists between the two sensor positions, a distinct peak may be found in the cross-

correlation function. This gives the time delay tpeak that corresponds to the difference in arrival
times between the signals at each sensor. The location of the leak relative to one of the
measurement points is easily calculated using a simple algebraic relationship between the time
delay, the distance d between the access points and the propagation wavespeed c in the buried
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pipe. With reference to Fig. 1, the time delay is related to the locations of the sensors by

tpeak ¼
d2 � d1

c
: ð4Þ

By substituting d2 ¼ d � d1 into Eq. (4), the position of the leak relative to sensor 1 is found to
be

d1 ¼
d � ctpeak

2
: ð5Þ

3. Wave propagation in plastic pipes

The theory of vibration and wave propagation in thin-walled shells in vacuo and in fluid-filled
pipes has been summarized by Fuller and Fahy [11,12] and Pinnington and Briscoe [13].
Experimental work has been carried out by Muggleton et al. [14] to validate the analytical
predictions of axisymmetric wavespeed and attenuation for a fluid-filled elastic pipe in vacuo.
More recently Muggleton et al. [15] have investigated the effects of the ground on wave
propagation in buried pipes. They found that the effect of the surrounding medium is to mass load
the pipe, but at low frequencies its effect on the speed of the propagating wave is relatively small
compared with a fluid-filled pipe in vacuo. Therefore, the analytical model for a fluid-filled pipe in
vacuo developed by Pinnington and Briscoe [13] is used in this paper. At low frequencies, well
below the pipe ring frequency, the predominantly fluid-borne wave, which is responsible for the
propagation of leak noise, has a wavenumber k given by

k2 ¼ k2
f 1þ

2Ba

Eh þ iZEh

� �
; ð6Þ

where kf is the free-field fluid wavenumber and Z is the loss factor of the pipe wall; a, h are the pipe
radius and wall thickness; E is Young’s modulus of pipe wall material; and B is the fluid bulk
modulus of elasticity.
In the frequency range where the wavelength of the predominantly fluid-borne wave is much

greater than the diameter of the pipe (which is the case considered in this paper), the acoustic
pressure can be considered to be uniform across the cross-section, and is given by [13,14]

pðxÞ ¼ P0ðoÞe�ikx; ð7Þ

where x is the distance between the leak and sensor signals; P0ðoÞ is the amplitude of the acoustic
pressure at x ¼ 0 and k is the complex fluid-borne wavenumber given by Eq. (6), the real part of
which gives the wavespeed, which can be represented as

Refkg ¼
o
c
; ð8Þ

where c is the wavespeed given by

c ¼ cf 1þ
2Ba

Eh

� ��1=2

; ð9Þ
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and the imaginary part of which gives the wave attenuation

Imfkg ¼ �bo; ð10Þ

where b is a measure of the loss within the pipe wall and is given by

b ¼
1

cf

ZBa=Eh

1þ ð2Ba=EhÞ
� �1=2; ð11Þ

where cf is the fluid wavespeed. Eq. (9) indicates that the propagation wavespeed is independent
of frequency at low frequencies. The attenuation (loss) of the amplitude of the propagating wave
in dB/m is given by

Attenuation ¼ �
20Imfkg
lnð10Þ

¼ 8:67bo: ð12Þ

For a typical PVC pipe with a=h ¼ 10; E=5
 109N/m2, RefkgE3:2kf : For an even softer pipe
wall, the wavenumber, k, is much greater than the wavenumber in the infinite medium. This
indicates that the wavespeed of the fluid-borne wave for the plastic pipe decreases rapidly with
increasing fluid loading (decreasing pipe wall stiffness). Eq. (12) shows that wave attenuation in
fluid-filled plastic pipes increases with frequency.

4. Combining the correlation technique with the wave propagation model

From Eq. (7), the frequency response function between the leak and the sensor signal is given
by

Hðo;xÞ ¼ e�iox=ce�obx: ð13Þ

For two signals x1ðtÞ and x2ðtÞ measured at positions x ¼ d1 and x ¼ d2; the cross-spectral
density Sx1x2ðoÞ can be obtained by

Sx1x2ðoÞ ¼
1

2p
lim

T-N

E
X�
1T ðoÞX2T ðoÞ

T

� 	
¼ SllðoÞCðoÞ eioT0 ; ð14Þ

where SllðoÞ is the auto-spectral density of the leak signal lðtÞ; which is the acoustic pressure at the
leak location; T0 is the time shift given by T0 ¼ �ðd2 � d1Þ=c; and CðoÞ ¼ H�

1 ðo; x1ÞH2ðo; x2Þ


 

 ¼

e�obðd2þd1Þ: The phase spectrum between the two signals is related to the time shift that the signals
experience as they propagate through the pipe, which is given by

Fx1x2ðoÞ ¼ ArgfSx1x2ðoÞg ¼ oT0: ð15Þ

Since multiplication in one domain corresponds to convolution in the transformed domain, the
cross-correlation function Rx1x2ðtÞ is determined by

Rx1x2ðtÞ ¼ F�1fSx1x2ðoÞg ¼ RllðtÞ#cðtÞ#dðtþ T0Þ; ð16Þ

where F�1f g denotes the inverse Fourier transform;# denotes convolution; the auto-correlation
of the leak signal RllðtÞ ¼ F�1fSllðoÞg; cðtÞ is given by

cðtÞ ¼ F�1fCðoÞg ¼
bd

p½ðbdÞ2 þ t2�
; ð17Þ
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and dðtÞ is the Dirac delta function. An interpretation of Eq. (16) is that the delta function
dðtþ T0Þ is broadened by the introduction of the band-limited leak spectrum SllðoÞ and the
nature of CðoÞ: The spectral characteristics of the leak noise are not currently known, but for the
purpose of the analysis in this paper a flat leak spectrum is assumed. Under the assumption that
SllðoÞ is a constant S0; Eq. (16) shows that the cross-correlation function only depends upon the
frequency attenuation of the plastic pipe and the distance between the sensors.
Thus it is more difficult to estimate the time delay from the correlation function if the pipe is

heavily damped and/or the measurement positions where the sensor attached are far from the
source of the leak.
For most plastic pipework systems, leak detection is successful with low frequency leak signals

resulting from a non-dispersive propagating wave with a constant attenuation factor b: In
practice, band-pass filtering operations are performed to attenuate the signals outside the
frequency range of interest. For the simple case where an ideal band-pass filter is applied to
remove the noise, the frequency behaviour of the filter is described by

GðoÞ ¼ 1 o0p oj joo1;

¼ 0 otherwise:
ð18Þ

Assuming that SllðoÞ ¼ S0 in the frequency range o0 to o1; the cross-correlation function of
Eq. (16) becomes

Rx1x2ðtÞ ¼ S0cðtÞ#gðtÞ#dðtþ T0Þ; ð19Þ

where

gðtÞ ¼ F�1fGðoÞg ¼
Do
p

sin ðDot=2Þcos ðoctÞ
Dot=2

;

and Do ¼ o1 � o0 is the bandwidth of the band-pass filter. Eq. (19) can be written as

Rx1x2ðtÞ ¼
S0e

�o0bd

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðbdÞ2 þ ðtþ T0Þ

2
q ½cos ðo0ðtþ T0Þ þ yÞ � e�Dobdcos ðo1ðtþ T0Þ þ yÞ�; ð20Þ

where y ¼ tan�1 ðt=bdÞ: If the frequency bandwidth satisfies the condition e�Dobd
51; Eq. (20) can

be approximated by

Rx1x2ðtÞE
S0e

�o0bd

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðbdÞ2 þ ðtþ T0Þ

2
q cos ðo0tþ yÞ: ð21Þ

Compared with Eq. (20), the interference term caused by the upper cut-off frequency o1 does
not appear in Eq. (21). Therefore, provided that the bandwidth of the filter is relatively broad, the
cross-correlation function is mainly dominated by the lower cut-off frequency o0: This is because
the pipe effectively acts as a low-pass filter, because of damping in the pipe-wall as shown in
Eq. (13).
Following a similar analysis to the cross-correlation function, the auto-correlation RxxðtÞ is

found to be

RxxðtÞ ¼ S0jðtÞ#gðtÞ; ð22Þ
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where

jðtÞ ¼ F�1f Hðo;xÞj j2g ¼
2bx

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2bxÞ2 þ t2

q :

Eq. (22) can also be written as

RxxðtÞ ¼
S0e

�2o0bx

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2bxÞ2 þ t2

q ½cos ðo0tþ yÞ � e�2Dobxcosðo1tþ yÞ�: ð23Þ

Substituting Eqs. (20) and (23) into Eq. (3) gives the cross-correlation coefficient as

rx1x2
ðtÞ ¼

2b
ffiffiffiffiffiffiffiffiffi
d1d2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðbdÞ2 þ ðtþ T0Þ

2
q
cos ðo0ðtþ T0Þ þ yÞ � e�Dobdcos ðo1ðtþ T0Þ þ yÞ

ð1� e�2Dobd1Þ1=2ð1� e�2Dobd2Þ1=2
: ð24Þ

At tpeak ¼ �T0 ¼ ðd2 � d1Þ=c; the peak value of the cross-correlation coefficient is

rx1x2
ðtpeakÞ ¼

2
ffiffiffiffiffiffiffiffiffi
d1d2

p
d

1� e�Dobd

ð1� e�2Dobd1Þ1=2ð1� e�2Dobd2Þ1=2
: ð25Þ

With reference to Eq. (25), consider the following three cases:

(i) The first case is where both sensors are some distance from the leak and there is no band-pass
filter, i.e., d1Ed2a0; and the frequency bandwidth satisfies e�2Dobd151 (or e�2Dobd251).
Eq. (25) then reduces to

rx1x2
ðtpeakÞ ¼

2
ffiffiffiffiffiffiffiffiffi
d1d2

p
d

: ð26aÞ

(ii) The second case is where one sensor is very close to the leak and the other sensor is some
distance from the leak, i.e., d1 is very small such that dEd2; and assuming Do is still
sufficiently large so that e�2Dobd251; but 1� e�2Dobd1E2Dobd1: The peak cross-correlation
coefficient given by Eq. (25) then becomes

rx1x2
ðtpeakÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

bd2Do

s
: ð26bÞ

(iii) The third case is when sensors 1 and 2 are interchanged. If d2 is very small, the peak cross-
correlation coefficient is given by

rx1x2
ðtpeakÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

bd1Do

s
: ð26cÞ

A comparison of the peak cross-correlation coefficient given by Eq. (25) and its approximation
by Eq. (26a) is shown in Fig. 3. As the product Dobd increases, the approximation given in
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Eq. (26a) approaches the solution given in Eq. (25). The two points marked by ‘o’ are given by
Eqs. (26b) and (26c), which provide the approximate peak value of the cross-correlation
coefficient as one sensor is moved close to the leak. For two equispaced sensors d1=d2 ¼ 1; the
peak cross-correlation coefficient is found to be unity, which simply means that there is a perfect
linear relationship between these two sensor signals. For other configurations, good levels of
correlation (e.g., greater than about 0.5) are only possible for ratios of sensor distances from the
leak of less than about 10 (or greater than 0.1). In practical situations, background noise also has
an effect on the correlation. In Section 6 the theoretical predictions are compared with
experimental data, which, inevitably, will be contaminated by noise. To make this comparison,
therefore, the effect of noise on the peak correlation needs to be included in the model, and this is
discussed in the next section.

5. Effect of the background noise on the correlation technique

The aim of this section is to quantify the effect of noise on the correlation technique, in which
noise can be included into the analytical model of the correlation coefficient derived in Section 4.
Assume that the leak signals measured by two acoustic sensors are in the presence of the
background noise. This can be modelled as

x1ðtÞ ¼ s1ðtÞ þ n1ðtÞ; ð27aÞ
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and

x2ðtÞ ¼ s2ðtÞ þ n2ðtÞ; ð27bÞ

where random processes s1ðtÞ; s2ðtÞ; n1ðtÞ and n2ðtÞ are stationary. If the noise at each sensor is
assumed to be uncorrelated with each other and with the signals, then the cross-correlation
function of signals x1ðtÞ and x2ðtÞ is given by

Rx1x2ðtÞ ¼ Rs1s2ðtÞ: ð28Þ

Eq. (28) indicates that effect of the uncorrelated background noise can be removed when
correlating the two sensor signals. Noting that Rxxð0Þ ¼ s2x; the cross-correlation coefficient
rx1x2

ðtÞ including the effects of noise is given by

rx1x2
ðtÞ ¼

Rx1x2ðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rx1x1ð0ÞRx2x2ð0Þ

p ¼
rs1s2

ðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

s2n1
s2s1

 !
1þ

s2n2
s2s2

 !vuut
; ð29Þ

where s2s1 ; s
2
s2
; s2n1 ; and s2n2 are the variances of signals s1ðtÞ; s2ðtÞ and background noise signals

n1ðtÞ; n2ðtÞ; respectively; rs1s2
ðtÞ is the theoretical prediction of the cross-correlation coefficient.

Eq. (29) shows that the correlation coefficient is strongly affected by the signal to noise ratios at
the two measurement positions. Based on information of the acoustical characteristics of the leak
signal and the measurement positions, estimates of the signal-to-noise ratios (SNR) for sensor
signals can thus be obtained from the correlation coefficient.
In the presence of the background noise, for example at sensor 1, the SNR in terms of the ratio

s2n1=s
2
s1
in Eq. (29) is defined as

SNR ¼ 10 log10
s2s1
s2n1

 !
: ð30Þ

Using Eq. (23), the ratio s2s1=s
2
s2
can be obtained

s2s1
s2s2

¼
d2

d1

e�2o0bd1ð1� e�2Dobd1Þ
e�2o0bd2ð1� e�2Dobd2Þ

: ð31Þ

Assuming that the noise levels at the two measurement positions are the same, i.e., s2n1 ¼ s2n2 ;
Eq. (31) gives

rs1s2
ðtÞ

rx1x2
ðtÞ

� 	2
¼ 1þ 1þ

s2s1
s2s2

 !
s2n1
s2s1

þ
s2s1
s2s2

s2n1
s2s1

 !2

: ð32Þ

Using the ratio of the peak cross-correlation coefficients rs1s2
ðtpeakÞ=rx1x2

ðtpeakÞ; the ratio s2n1=s
2
s1

can be determined from the quadratic Eq. (32). This is then substituted into Eq. (30) to give an
estimate of the SNR at sensor 1. A similar procedure can be adopted to obtain the SNR at sensor
2. Noting that the correlation technique is affected by the selection of the cut-off frequencies of
high and low-pass digital filters, the SNR can thus be enhanced using carefully selected frequency
information.
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6. Comparison of predictions with test data

Tests were carried out at a leak detection facility at an experimental site located at a National
Research Council site in Canada. The description of the test site and measurement procedures are
detailed in Ref. [8]. The signals generated by a joint leak were measured by hydrophones attached
to two fire hydrants. Referring to Fig. 1, the distance d between the two sensor signals was
102.6m, and the distance d1 from the leak to sensor 1 was 73.5m. The signals were each passed
through an anti-aliasing filter with the cut-off frequency set at 200Hz. Hydrophone-measured
signals of 66-s duration were then digitized at a sampling frequency of 500 samples/s.

6.1. Validation of theoretical predictions of wavespeed and attenuation for the fluid-borne
axisymmetric wave

Spectral analysis was performed on the digitized data using a 1024-point FFT, and a Hanning
window with 40% overlap and power spectrum averaging. The following observations are based
on the auto-spectra and coherence functions of the hydrophone-measured signals as plotted in
Figs. 4(a)–(c) [8]:

(1) Below 5Hz the signals were dominated by ambient noise, which most probably corresponds
to the longitudinal resonances of the test pipe.

(2) Most of the frequency content of sensor signals was concentrated below 50Hz.
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(3) Additional peaks in the auto-spectra of the two sensor signals were found at different
frequencies, as a result of several factors, including longitudinal resonances of the water pipe,
soil resonance, or fundamental frequencies of rotating machinery on the test site, etc.

The fluid-borne axisymmetric wavespeed can be determined from either the frequency response
function between two sensor signals or the corresponding cross-spectral density. The same
information about the relative phase angle between two sensor signals is provided by these two
quantities, which can be seen from Eqs. (13) and (14). The unwrapped phase angle obtained from
the hydrophone-measured signals is shown in Fig. 4(d). A straight line indicates that the
wavespeed is independent of frequency from 10 to 150Hz. However, it does not pass through the
origin. This is possibly because of the dominant ambient noise at low frequencies. Based on the
slope of the least-squares fit line, the wavespeed was calculated to be 479m/s. There is a good
agreement between this value and the results obtained in previous work [9]. This demonstrates
that the analytical model is a reasonable representation of the experimental set-up.
The wave attenuation can be derived from the amplitude of the frequency response function

between the two sensor signals. Combining Eqs. (10), (12) and (13), gives the rate of attenuation in
dB/m as

Attenuation ¼
�20ln Hðo; 1Þj j

Ddlnð10Þ
; ð33Þ

where Hðo; xÞj j denotes the amplitude of the frequency response function between the two sensor
signals; here x is the distance between the two sensor signals; and the distance difference Dd ¼
d2 � d1: Fig. 5 illustrates the loss in dB/m as a function of frequency based on Eq. (33). The least
square fit line gives the attenuation factor b of 2:26
 10�4 s=m: The rate of attenuation derived
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from hydrophone-measured data confirms that the loss within the pipe increases with increasing
frequencies in the frequency range 0–50Hz.

6.2. Analysis of sensor signals using cross-correlation

As described previously, filtering operations were performed on the digitized sensor signals
before conducting the time domain cross-correlation. The sensor signals were then passed through
high and low-pass fourth order Butterworth filters. The cross-correlation coefficients were
computed using segment averaging via a 1024-point FFT. Meanwhile, the circular effect of the
FFT was minimized by 50% zero padding in each segment record. To compare the experimental
results with the corresponding theoretical predictions, the effect of the background noise on the
theoretical predictions was taken into account by setting the peak values of the cross-correlation
coefficients to be the same as those of the experimental results. This enables an estimate of the
SNR at the two sensors using the technique outlined in Section 5. When the lower and upper
cut-off frequencies were set at 10 and 50Hz, respectively, the SNR for the two hydrophone-
measured signals, were found to be –6.7 and 2.7 dB at positions 1 and 2, respectively.
The effect of the low-pass filter cut-off frequency on the cross-correlation coefficient is

demonstrated in Fig. 6. The filter cut-off frequencies were set at 10Hz for the high-pass filter, and
the cut-off frequencies ranged from 30 to 200Hz for the low-pass filters.
In the theoretical model, the cross-correlation coefficient is mainly determined by the lower

cut-off frequency, provided that the bandwidth of the leak noise is relatively broad. This effect can
be seen by comparing Figs. 6(d), (f) with (h), which are very similar. In contrast, a slight difference
can be seen in Fig. 6(b) because in this case the theoretical correlation coefficient is governed by
both the lower and upper cut-off frequencies as the bandwidth is small. A similar trend can be
seen in the experimental results plotted in Figs. 6(a) and (c), where there is a slight difference in the
correlation coefficients when the low-pass filters are set at 30 and 50Hz. Furthermore, when the
low-pass filter cut-off frequencies are adjusted to values above 50Hz, the correlation coefficients
do not change as shown in Figs. 6(e) and (g). This indicates that most information about the leak
signal is concentrated below 50Hz, which can also be seen in Fig. 5, which shows that the ambient
noise measured by the hydrophones dominates above 50Hz. Thus for hydrophone-measured
signals in this case, the low-pass filter cut-off frequency can be set at 50Hz.
Fig. 7 shows the effect of the high-pass filter cut-off frequency for both experimental results and

predictions. As before, theoretical predictions of the cross-correlation coefficients are adjusted to
account for the presence of background noise. The cut-off frequencies of the low-pass filters are
50Hz and those of the high-pass filters from 5 to 40Hz.
For the correlation coefficients derived from the hydrophone-measured signals as shown in

Figs. 7(c), (e) and (g), a definite peak is obtained despite the narrow frequency band of the leak
signal. The oscillatory behaviour of the correlation function becomes more obvious as the pass
band of the leak signal becomes smaller. The time delay is estimated to be in the range
0.090–0.094 s and the position of the leak relative to point 1 is calculated to be 72.9–73.8m.
However, three anomalous peaks can be seen in Fig. 7(a), which are caused by the interference of
low frequency background noise at low frequencies below 10Hz and may present false time delay
estimators. In addition, a definite peak cannot always be obtained when the cut-off frequency of
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Fig. 6. Effect of the low-pass filter cut-off frequency on the cross-correlation coefficient. The cut-off frequencies of the

high-pass filters are set at 10Hz. The low-pass filter cut-off frequencies are: (a) 30Hz; (c) 50Hz; (e) 100Hz; (g) 200Hz.

Comparison of the corresponding theoretical values is made when the low-pass filter cut-off frequencies are set at:

(b) 30Hz; (d) 50Hz; (f) 100Hz; (h) 200Hz.
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Fig. 7. Effect of the high-pass filter cut-off frequency on the cross-correlation coefficient. The cut-off frequencies of the

low-pass filters are set at 50Hz. The high-pass filter cut-off frequencies are: (a) 5Hz; (b) 15Hz; (c) 30Hz; (d) 40Hz.

Comparison of the corresponding theoretical values is made when the high-pass filter cut-off frequencies are set at:

(b) 5Hz; (d) 15Hz; (f) 30Hz; (h) 40Hz.
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the high-pass filter is set below 10Hz, as expected. Thus the high-pass filter cut-off frequency can
be set at 10Hz.
The corresponding theoretical values of the cross-correlation coefficients are plotted in

Figs. 7(b), (d), (f) and (h). These graphs illustrate the same oscillatory behaviour of the correlation
coefficients to that of the experimental results. The differences between the predictions and the
experimental results are due to the effect of the background noise on the measured signals.

7. Conclusions

An analytical model of the cross-correlation function for wave propagation in buried plastic
water pipes has been established, by combining the correlation technique with wave propagation
theory in plastic pipes. This model has been applied to explain some of the main features of
experimental data, including wave propagation and attenuation.
The model explains the importance of the cut-off frequency of the high-pass filter and the

insensitivity of the correlation to the cut-off frequency of the low-pass filter to measurements of
the cross-correlation. It has been shown that in the noise-free case, good levels of correlation are
only possible for ratios of sensor distances from the leak of less than about 10 (or greater than
0.1). In practical situations, the achievement of good levels of correlation coefficients is further
restricted because of undesirable correlated background noise.
The effect of the background noise on the model of the correlation has been presented. It has

been shown that an estimate of the SNR at a measurement position can be simply determined
from the ratio of the peak values of the experimental result of the correlation coefficient and its
corresponding theoretical prediction.
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